Abstract. We construct relative p-adic cohomology for a family of toric exponential sums fibered over the torus. The family under consideration here generalizes the classical Kloosterman sums. Under natural hypotheses such as quasi-homogeneity and nondegeneracy, this cohomology, just as in the absolute case, is acyclic except in the top dimension. Our construction gives us sufficiently sharp estimates for the action of Frobenius on relative cohomology so that we may obtain properties of L-functions constructed by taking a suitable Euler product (over the family) of local factors using linear algebra operations (such as taking the k-th symmetric power or other such operations) on the reciprocal zeros and poles of the L-functions of each fiber.
Introduction
Our aim in the following is to construct relative p-adic cohomology for a family of toric exponential sums extending some of Dwork's earlier constructions [5] . Our object of study is a family which generalizes the classic hyper-Kloosterman sums, with the aim of obtaining sharp estimates for the action of Frobenius acting on relative cohomology so that results from our earlier work [10] may be applied to the symmetric power L-function of the family (or any other such linear algebra operation). Such symmetric power (respectively tensor power, exterior power) Lfunctions have had important applications in the global setting. In the local setting, they played an important role in Wan's proof of meromorphy for unit root Lfunctions. They are a natural, but little understood, important invariant of the family. Our main results are given in Theorems 4.2, 4.3 and 5.5 below. Much of our work goes into constructing a good ring of p-adic functions to work over. This was also carried out in a somewhat different manner in our earlier work [10] . As far as we know these approaches are new and results of this type have not been realized before in the relative setting. In the several cases considered, these symmetric (and other) power L-functions are rational functions, and we are able to give bounds for their degree, total degree, and p-divisibility of the reciprocal zeros and poles of this L-function. In the absolute case, we remark that such work using variants of Dwork's constructions have led to similar results in the rigid case [4] , [3] . We begin now to define the relevant families in our study.
In the hyper-Kloosterman case, the relevant family of regular functions on G n m is given by
Let Θ be a nontrivial additive character of the field F q of q = p a elements, p a prime number. For anyλ ∈ F * q , the hyper-Kloosterman sum (over F q (λ)) is given by Kl n+1 (λ) := x∈(F q (λ) * ) n Θλ(K n (λ,x))
where Θλ (= Θ • T r F q (λ)/F p ) is a nontrivial additive character of F q (λ). In our generalization, we replace the linear form n i=1 x i by an arbitrary quasi-homogeneous nondegenerate Laurent polynomialf (x), and we replace the deforming monomial Λ(x 1 · · · x n ) −1 by an arbitrary monomial Λx μ where μ ∈ Z n is a lattice point which does not lie on the affine hyperplane spanned by the monomials in the support of f .
Letf
been studied in [10] in some detail. We will not consider this case in the present work. If μ lies on the hyperplane l σ (μ) = 1, it seems more difficult to obtain precise p-adic estimates and we do not treat this case here. Instead we focus here on the case l σ (μ) > 1, or μ ∈ M (f ) and l σ (μ) < 1. Because the monomial μ is in our present case a vertex of Δ ∞ (f, μ) :=convex closure of Δ ∞ (f ) ∪ {μ} and will have polyhedral weight equal to 1 (like the other vertices Δ(f ) = σ), we view the familȳ F (Λ, x) =f (x) + Λx μ as an "isobaric" deformation of the sum defined byf (x) in contrast to the lowerorder deformations studied in [10] . Our goal in this work is to establish p-adic relative cohomology for our family with enough understanding of the relative Frobenius map on cohomology that we may use our earlier general results on σ-modules [10] with polyhedral p-adic growth to establish some applications concerning degree (as rational function) and total degree for the symmetric power L-functions (and L-functions associated with other linear algebra operations) for the given family. See Theorems 4.2 and 4.3 in Section 4 for details of these results.
In this work and in our earlier work [10] on lower-order deformations of nondegenerate toric sums, we proceed cohomologically to construct p-adic relative cohomology (which we show vanishes in all but the top dimension). Fixing an arbitrary linear algebra operation, such as the symmetric power, we may apply this to the top dimensional relative cohomology space and its Frobenius map, thus constructing a new complex satisfying a trace formula for the L-function associated with the linear algebra operation. Using methods which are seemingly special to Dwork's precohomological constructions, we obtain some general results pertaining to degree and total degree of these L-functions by careful examination of the complexes on relative cohomology. We hope in a future work to compute the cohomology of this complex in the case of the classical hyper-Kloosterman family. In that setting then, we expect cohomological methods to give more precise information. The hyper-Kloosterman family and its symmetric power L-functions have been studied previously by Fu-Wan [6] , [9] , [8] , [7] using -adic cohomology, and by Robba [12] in the case of the one dimensional Kloosterman family K 1 (Λ, x) = x + Λ/x using p-adic cohomology. Also Tsuzuki in an unpublished work [13] has given another construction of relative cohomology for the Bessel functions using rigid cohomology. In addition, we believe it is possible to further relax the hypothesis thatf (x) is quasi-homogeneous and allow more complicated multi-parameter families.
We thank Carmala Garzione for help with generating the figures.
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l σ (μ)<1 μ 0 Δ ∞ (f,μ) Δ ∞ (f) σ τ C(τ,μ) l σ (μ)>1 Δ ∞ (f,μ) 0 Δ ∞ (f) σ μ
Figure 2. Two cases
It follows that the set of faces at ∞ of Δ ∞ (f, μ) contains as a subset the faces at ∞ of Δ ∞ (f ). The other faces of Δ ∞ (f, μ) at ∞ contain the vertex μ. These faces are either μ itself or are of the form ω = C(τ, μ) (= the convex closure of μ and a face τ at ∞ of Δ ∞ (f )). See Figure 2 . If ω has codimension r in Δ ∞ (f, μ), then τ has codimension r + 1 in Δ ∞ (f ). We say a face τ at ∞ of Δ ∞ (f ) is visible from μ if C(τ, μ) is a face at ∞ of Δ ∞ (f, μ). We denote by Γ the set of all codimension two faces τ at ∞ of Δ ∞ (f ) and by Γ 1 the subset of codimension two faces τ at ∞ of Δ ∞ (f ) visible from μ. For example, in the hyper-Kloosterman case, all faces of Δ ∞ (f ) (wheref = n i=1 x i ), other than Δ(f ) itself, are visible from μ = (−1, . . . , −1) so that Γ 1 = Γ in this case. On the other hand, with this samef , if μ = (−1, 0, . . . , 0), then Γ 1 consists of the unique codimension two face at ∞ of Δ ∞ (f ) spanned by e 2 , . . . , e n where the {e i } denote the standard basis of R n . In particular, the faces at ∞ of Δ ∞ (f, μ) of codimension 1 are either σ = Δ(f ) itself or have the form C(τ, μ) for τ ∈ Γ 1 .
Every face τ of Δ ∞ (f ) of codimension 2 at ∞ spans an affine subspace of R n of codimension 2 which may be described by the simultaneous linear equations l σ (v) = 1 and
, and we may assume that (b
n ) are relatively prime. The subspace H(τ ) in R n with equation φ (τ ) (v) = 0 is spanned by the boundary face of Δ ∞ (f ) passing through the origin and containing τ . The cone over τ , C ∞ (τ ) = convex closure of τ ∪ {0}, in fact spans this boundary face. We may and do assume the signs have been adjusted so that Cone(f ) itself is given by the simultaneous inequalities φ (τ ) (v) ≥ 0 where τ ranges over the codimension 2 faces at ∞ of Δ ∞ (f ). With this convention on signs, we prove below that a face τ of Δ ∞ (f ) of codimension 2 at ∞ is visible from μ if and only if φ (τ ) (μ) < 0.
Recall if τ is any face of Δ ∞ (f ) we denotē
and we sayf is nondegenerate along τ if the Laurent polynomials {x 1
, . . . ,
} have no common zero in (F * q ) n where F q is an algebraic closure of F q . We sayf is nondegenerate with respect to Δ ∞ (f ) iff is nondegenerate with respect to every closed face τ at ∞ of Δ ∞ (f ). We now assume hypotheses H(i) through H(v) (note: the first four have already been mentioned):
, where Γ 1 is the set of codimension 2 faces at ∞ of Δ ∞ (f ) that are visible to μ. The last hypothesis is needed to prove the following.
andF is nondegenerate along ω sincef is, by hypothesis H(iii). If on the other hand μ belongs to the face ω, then ω has the form C(γ, μ) with γ a face at ∞ of Δ ∞ (f ). In fact γ is contained in a face τ ∈ Γ 1 and ω
Letx ∈ F n q be a simultaneous zero of {x 1
As a consequence of this observation and (1), we get φ (τ ) (μ)λx u = 0 in F q . However by hypothesis H(v), φ (τ ) (μ) = 0 in F q so thatx i = 0 for some i = 1, . . . , n. HenceF is nondegenerate.
Let Cone(f ) and Cone(f, μ) be the cones in R n over Δ ∞ (f ) and
n be the monoids of lattice points in the respective cones. Let F q [M (f, μ)] be the monoid algebra of Laurent polynomials with coefficients in F q and support in M (f, μ). For λ ∈ F * q , we sometimes will use the notation F (λ) q to denote the field ofλ over F q ; that is, F (λ) q := F q (λ) the field generated over
F q ] be the degree ofλ over F q . We use the polyhedron Δ ∞ (f, μ) to define (in the usual way) a weight function on M (f, μ):
LetR (λ) denote the associated graded ring. We construct two complexes as follows. The spaces in both cases are the same:
with the respective boundary operators given by
in the one case, and 
q -vector space with basis B (λ) , then
It follows as well thatR
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and τ is a face of codimension 2 at ∞ of Δ ∞ (f ), then the affine hyperplane spanned by C(τ, μ) in R n has equation l (τ,μ) (v) = 1 where 
2.1. The extended monoidM (F ). To compute relative cohomology we view F (Λ, x) as a Laurent polynomial in n+1 variables. To this end, we define Δ ∞ (F ) := convex closure in R n+1 of {0} ∪ Supp(F ). It is convenient to fix the ordering of coordinates in R n+1 as follows: associated to the monomial Λ r x v is the point
where we are, somewhat abusively, identifying monomials with their exponent vector. Let Cone(F ) be the cone in
the monoid of lattice points in Cone(F ).F is quasi-homogeneous in R n+1 with all elements of Supp(F ) lying on the affine hyperplane W (r, v) = 1, where
where D is the least common multiple of the set of positive integers {−φ (τ ) (μ)} τ ∈Γ 1 (recall that Γ 1 is the collection of codimension 2 faces of Δ ∞ (f ) at ∞ which are visible from μ). Let W (r, v) define a weight function onM (F ), and let e be the least positive integer, divisible by D,
The following definition plays an important role in our analysis. In the case n > 1 define
In the case n = 1 the set Γ 1 is empty. Instead we define in altogether similar fashion
Lemma 2.3.M (F ) may be described explicitly by
Proof. Consider the projection pr : R n+1 → R n onto the last n coordinates. Then pr(Cone(F , P 0 )) = Cone(f, μ). Let τ be any face of Δ ∞ (f ) at ∞ of codimension 2. Together with the origin, τ spans the hyperplane H(τ ) with equation φ (τ ) (v) = 0 of dimension n − 1 in R n . We view R n and H(τ ) in R n+1 via the embedding ι which sends R n to the hyperplane r = 0 in R n+1 by the map
The hyperplane
Claim. τ is visible from μ if and only if φ (τ ) (μ) < 0. To prove this, suppose first that C(τ, μ) is a face of Δ ∞ (f, μ). Then τ is a common face of C(τ, μ) and σ = Δ(f ) so these codimension one faces at ∞ of Δ ∞ (f, μ) are on opposite sides of the hyperplane H(τ ) with equation φ (τ ) (v) = 0. Since the signs are normalized so that elements
This finishes the proof of the claim.
From this, it follows that the boundary faces for Cone(F ) are given by r = 0 and
, and Cone(F ) is described by the simultaneous inequalities
On the other hand the cone Cone(F , P 0 ) is described by the simultaneous inequalities
In particular, the projection map pr maps Cone(F , P 0 ) onto Cone(f, μ) and
which finishes the proof by (4).
Total space. Using notation from the previous section, let
be the graded F q -algebra with its grading given by W and indexed by (1/e)Z ≥0 . In fact, it is an (S :
S in fact is contained in T and is itself a graded F q -algebra via the restriction of W to S. The gradings satisfy
. Furthermore, the gradings on T (and S) are given by
It is a homogeneous ideal in S, and mT is the homogeneous ideal it generates in T . The following is basic in what follows.
Theorem 2.4.T := T/mT is anS
Proof. This map is clearly onto, with kernel equal to mT
an isomorphism which respects the gradings. One may elaborate the multiplication inT by remarking that (7) w
we infer from the well-known properties of w on M (f, μ) that
with equality holding if and only if v 1 and v 2 are cofacial in M (f, μ).
We construct two complexes of S-algebras
q -algebras defined in Section 2. The spaces in both complexes are the same, namely
with boundary operators defined by
where
andṼ the free S-module with basisB, then
Proof. We begin by showing {x i
} is a regular sequence in T . Suppose
are homogeneous elements of weight 1, we may assume the {ξ i } are themselves homogeneous of weight, say r.
We refer to W (Λ r x v ) as the total weight of the monomial Λ r x v . Suppose ξ is homogeneous of (total) weight r ∈ (1/e)Z ≥0 . We may write ξ =
where ξ (i) ∈ T is homogeneous of (total) weight r − (i/D)(1 − l σ (μ)) and the terms in the support of ξ (i) all have ord Λ = 0. The upper limit k in the sum must be ≤ rD 1−l σ (μ) , and without loss of generality we may write k
We will prove there is a skew-symmetric set {η jl } ⊂ T and elements {ξ j } n j=1 ⊂ T with ξ j homogeneous of total weight r such that
Assume we have done this. Then since {η jl } is skew-symmetric,
∂x jξ j = 0. Thus the preceding process may be repeated replacing {ξ i } with {ξ i } in (8) . It
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use terminates in a finite number of steps since we have k at most rD/(1 − l σ (μ)) so it will follow that
with {η jl } skew-symmetric, which will establish the claim that {x j ∂F ∂x j } is a regular sequence in T .
To establish (10), substitute (9) into (8) . It follows then that
}; these latter form a regular sequence inR (λ) by Theorem 2.1 and [2] . Since the kernel of prλ is mT , it follows that there is a skew-symmetric set {γ jl } ⊂ T , homogeneous of weight
it is enough to show the left side is contained in the right. In a manner altogether similar to the above argument, using downward induction on ord Λ , we may assume that this holds for elements ξ ∈ T (r) with ord
with v running over B (λ) ρ , and
Note that lλ is F q -linear but not in general an algebra map. Then
The result (11) then follows by the induction hypothesis applied to
To establish that the sum on the right side of (11) is direct assume
By a well-known argument, we may assume
with both sides nontrivial, violating the directness of the sum established in Theorem 2.2 for R (λ) .
In particular, the monomial basisB (= B (λ 0 ) for our initial fixed chosenλ =λ 0 ∈ F * q ) is independent of the choice ofλ.
is equal to the sum on the right. It remains to show that the sum on the right is direct. Suppose
Using lλ we lift to
γ i according to the sum in (11) . We then obtain by directness
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But applying prλ to this equality it follows that v = 0. This implies the sum is direct.
2.3. The case l σ (μ) > 1. In this case we prefer to treat the family in the form
We then replace hypothesis H(iv) by H(iv) :
H(iv) . μ is an interior point of Cone(f ) and l σ (μ) > 1.
It is not strictly necessary to assume μ is an interior point of Cone(f ), but without this assumption we no longer have an isobaric deformation (in particular, the set of vertices of Δ ∞ (f ) will not be a subset of the vertices of Δ ∞ (f, μ) ). For simplicity of exposition then we assume μ is an interior point of Cone(f ). Under the hypothesis H(iv) every codimension 2 face τ of Δ ∞ (f ) is visible from μ (so Γ = Γ 1 here) and Δ(f ) is not a codimension one face at ∞ of Δ ∞ (f, μ). Then the codimension one faces of Δ ∞ (f, μ) at ∞ are all of the form C(τ, μ) for the codimension 2 faces τ at ∞ of Δ ∞ (f ). We write (as in Section 2)
We note for emphasis that hypothesis H(v) now reads
Similar to Theorem 2.1, it is straightforward to prove the following.
We also need to consider Δ ∞ (F (Λ, x) ) in R n+1 . In the case under consideration F (Λ, x) is quasi-homogeneous with all monomials in Supp(F ) satisfying W (r, v) = 1, where
The hyperplane W (r, v) = 1 meets the positive Λ-coordinate axis at the point 
(Note that m(v) ≤ 0 in the present case. Note as well that (r, v) ∈M (F ) is characterized by v ∈ Cone(F , μ), r ≥ m(v).) We may factor any monomial Λ
. Then the total weight may be written as
Finally, we may use here the F q -linear map (takingλ ∈ F q for convenience) prλ : 
We endow O 0 with a valuation via
|C(r)|.
Under the reduction map modπ, O 0 maps onto
and the map
is an isomorphism of F q -algebras. Let
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be a p-adic Banach O 0 -algebra. Then the reduction map modπ taking
identifies the S-algebras C 0 /πC 0 → T. We now construct a complex of p-adic spaces similar to the characteristic p complexes constructed in Section 2. Set γ 0 := 1 and for i ≥ 1,
From this second description, we see that
± n ] be the lifting ofF (Λ, x) using Teichmüller units for all coefficients. Define
) has total weight W less than or equal to p i for all i ≥ 0. Since
with boundary map
Since we will sometimes want to consider the analogous situation with Λ replaced by a power Λ q it is useful sometimes to incorporate Λ as a subscript in our notation. In such cases we write [10, Theorem 3.3] or the one that appears in [2, Theorem A1] and goes back at least to Monsky [11] , we have the following.
The reduction modπ of this complex is precisely the complex Ω • (T, ∇(D)) of Salgebras of Section 2.2. Using the same argument as in
3.1. Frobenius. Define
where ψ p and ψ q are defined by
and σ ∈ Gal(Q q (ζ p )/Q p (ζ p )) is the Frobenius automorphism. Since formally
the following commutation laws will hold for l = 1, 2, . . . , n:
and pD
l,Λ . Since the differential operators commute with α (respectively α 1 ) up to the change from Λ to Λ q (respectively Λ to Λ p ), we introduce new spaces based on Λ q (respectively Λ p ) instead of Λ. To avoid needless repetition we will not repeat for p the definitions given for q. Instead we take the definitions for q to hold for all powers of p. If we view Λ r = (Λ q ) r/q for r ∈ (1/D)Z ≥0 , then it makes sense to define
where on the right W Λ is defined on the (further) extended lattice ((1/qD)Z) × Z n in the modified cone using the defining formula (3). It will be useful as well to define analogously to (5) the monoid
{|A(r)|}.
We also define
The reduction map 
We have the following analogue of our previous results.
Λ q )) be the complex
This complex is acyclic except in top dimension n and H
whereB is the same monomial basis as in Theorem 2.6.
To obtain precise information needed concerning the p-adic sizes of the entries of the matrix of Frobenius, we proceed with Dwork's approach in the present context. As in [10] , for 0 < b ≤ p/(p − 1) and c ∈ R we define
R(b, c).
Note that the analogous q versions are R q (b, c) and [10] . Let R be any ring with p-adic valuation. Set
In particular, if R = R(b , c ) (with c ≥ 0 so that R is a ring), we may write
This motivates our definition of the spaces K(b , b; c) below. Let 0 < b, b ≤ p/(p−1)
be rational numbers and let c ∈ R. Define the spaces
We consider Frobenius maps α and α 1 on C 0 and on K(b , b) (so q = p 0 = 1 here). Recall the Artin-Hasse series E(t) := exp
where it is well-known that the coefficients satisfy ord p θ j ≥ j/(p − 1). Writē
(of course if we are in the case of Section 2.3 we have Λ −1 x μ instead of Λx μ ). Let
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where A(v) is the Teichmüller lift ofĀ(v) for each v ∈ Supp(f). It follows from the estimates on the coefficients of θ j that
If we set
Since F has been defined so that
and
Note that
, and multiplication by F a takes these two spaces into K(b /q, b/q). Note that ψ q takes the monoidM (F ) intoM q (F ) and ψ p takesM intoM p . Then it is easy to see that
Finally, we note that for b and b ≥ 1/(p − 1), the image of α acting on C 0 (O 0 ) is contained in C 0,q (O 0,q ). Therefore, since ψ p acts on the x-variables, b , b; c) . We may use α 1 and α to define chain maps as follows. Let
Then the commutation rules (13) ensure that this defines chain maps
Λ q )). Note that since ψ p , respectively ψ q , acts only on the x variables, F rob 
We are now in a position to prove a sequence of results as in [10] leading to explicit estimates for the matrix of the relative Frobenius map with respect to the basisB. The proofs here are only slight modifications of the proofs of the results in [10] . We define first the following space:
In particular, 
Recall
Theorem 3.4. For b a rational number satisfying
and q a power of p, we have:
We are now able to give the following estimates for the relative Frobenius map. 
Taking b = b = p/(p − 1) the above estimates give the following estimates for the matrix of the Frobenius map
Λ p ))) with respect to the bases T r F q /F p (·) , and Θλ := Θ • T r F q (λ)/F q . We consider the toric exponential sums
Corollary 3.6. Let A(Λ) = (A(u, v)(Λ)) be the matrix (with entries in
O 0,p ) of H n (F rob 1,Λ ) with respect to the basesB Λ andB Λ p . Then A(u, v)(Λ) ∈ R p (p/(p − 1); (pw(v) − w(u))/(p − 1)). In particular, ord p (A(u, v)(Λ)) ≥ (pw(v) − w(u))/(p − 1).
L-functions of symmetric powers
and the associated L-functions 
in Section 3 but with C 0 replaced by C 0,λ and D
was studied in [2] and shown there to be acyclic except in top dimension n. Furthermore, as in [2] , we define F(λ, x) := sp λ F(Λ, x),
. We may define F rob
λ )) as in (14) but with α replaced by α λ and q replaced by q deg (λ) . Then using Dwork's trace formula, we obtain
Since cohomology is acyclic by [2] except in top dimension n, we have
In [2] it is proved that for each suchλ the Newton polygon of L(F ,λ, T )
n+1 lies over the Newton polygon (using ord q deg(λ) ) of
where B(=B) is defined in Theorem 2.6. Now letλ be an F q -rational point of G m , and A(λ) the multi-set of eigenvalues of H n (F rob λ ). Two such F q -rational pointsλ andγ define the same closed point of G m /F q if and only ifλ andγ are conjugate over F q . It is easy to see that in this case, A(λ) = A(γ). Let [λ] denote the associated closed point of G m /F q and let |G m /F q | denote the set of all closed points of G m /F q . Let L be a linear algebra operation such as a symmetric power, or exterior power, or tensor power or a combination of such. Let LA(λ) be the corresponding multi-set of eigenvalues of
To aid the reader, we will consider a running example throughout this section. If L is the operation of the k-th symmetric power tensor the l-th exterior power, then
where the latter is a multi-set, and A(λ) = {π l (λ) | l = 1, . . . , N}. In general, the cardinality of LA(λ) is independent ofλ. Let LN denote the cardinality of LA(λ).
) as in Theorem 2.5. For q a power of the prime p (including possibly q = p 0 ) define
Λ q ))). For emphasis and clarity, we will in the following denoteB byB Λ , and we will writeB Λ q for the collection of monomials obtained by replacing Λ by Λ q inB Λ . Then H n Λ q is a free O 0,q -module with basisB Λ q . Let LB Λ = {e
n , elements in the basis LB Λ take the form 
It is clear from our construction that ifλ ∈ F * q , then LA(λ) is the matrix of
λ p )) with respect to the bases sp λ LB Λ and sp λ LB Λ p . Similarly for LB(λ). Now letλ ∈ F * q and λ its Teichmüller lift. For a positive integer r, let LB (r) (Λ) be the matrix of
with respect to the bases LB Λ and LB Λ q r . Then
λ )) with respect to the basis sp λBΛ . Since LA(λ) is the set of eigenvalues of LB (deg(λ)) (λ), we have
Consequently,
It is convenient to write the basis LB Λ in the form {e b } b∈I for a suitable index set I. Define a weight on each basis vector e b ∈ LB Λ as follows. Using (6), define 
Proposition 4.1. The matrix LB(Λ) is the product LB(Λ)
Proof. We need only to justify the estimates on the matrix entries of LA(Λ) . We extend the weight function as follows. For Λ r e i , r ∈ (1/D)Z ≥0 and i ∈ I,
Define the spaces, for q a power of p (perhaps with q = p 0 ) and c ∈ R,
Then, for any rational b satisfying 1/(p − 1) < b ≤ p/(p − 1), by Theorem 3.5,
Setting b = p/(p − 1) to get the best possible p-adic estimates, we have
Define the order |L| := r of a linear algebra operation L as the least positive integer r such that L is a quotient of an r-fold tensor product. We now state our main result. Let LB(Λ) be the matrix of LH n (F rob Λ ) with respect to this normalized basis; then In this case, we have the following. 
LB(Λ) = LÃ

Lower-order deformations
With an eye directed at some future applications we combine here the isobaric deformations described above with the lower-order deformation technique of our earlier work [10] . In order to have a greater applicability it is useful to modify the work above as follows. We consider the following variant of the deformation above. The changes in the preceding work resulting from the change replacing Λ with Λ M are not major and occur mostly in the work on the total space in R n+1 and the consequent effects on the p-adic theory. We consider Δ ∞ (Ḡ) = convex closure of {0} ∪ Supp(Ḡ) in R n+1 . Let Cone(Ḡ) be the cone in R n+1 over Δ ∞ (Ḡ). In R n+1 ,Ḡ is quasi-homogeneous and nondegenerate with respect to Δ ∞ (Ḡ) just as in Section 2. 
